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ABSTRACT 


Previously, the study of the methods to predict the 
properties of Boolean functions has concentrated on the 
Boolean function itself; the properties of a Boolean function 
have been derived by manipulating and analysing this Boolean 
function. In this thesis, the use of Hamming distance to 
predict various properties of Boolean functions, is investi- 
gated. Several parameters, such as the total mutual distance 
among the vertices of a function and the largest distance 
between two vertices in a function, are defined. It is found 
that such parameters characterize the properties of a Boolean 
function F(X) 7+++7/X))- For example, if the number of ver- 
tices in F, M, is not greater than 2teueand)D, the largest 
Hamming distance in F, is less than n, then F is dual- 
comparable. If M is not greater than a eandeD equals n, 
then F is not completely monotonic. Five tables, which list 
the calculated mutual distance totals for Boolean functions 
of three to seven variables, are included; these tables can 
be used to help determine the monotonicity and dual- 


comparability of F. 
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CHAPTER I 
INTRODUCTION 


It is increasingly important that electronic computers 
become capable of greater speed. Consequently, logical 
devices, that can perform complex operations themselves, 
are desirable. Perhaps, devices based on the threshold 
principle, such as parametrons (1) and Esaki diode circuits 
(2) may be the answer. The Boolean function realized by a 
Single threshold device is relatively complex compared to 
the Boolean function that can be realized by either an 
"AND," an "OR," or a "NOT" gate; generally, the number of 
ehres Old 10g1C elements xequired to realize a Boolean 
function is considerably less than the number of ordinary 
gates needed to realize this same Boolean function (3). 
Therefore, the proper use of threshold devices in computers 
may lead to valuable increases in speed and savings in 


equipment. 


Threshold elements are of interest in the memory- 


(1) See Gschwind (1967: 469-474). 
(2) See Gschwind (1967: 507-514). 
(3) See Winder (1961) and Ghosh (1969). 


yey 
j b sw 
ole 4 we : oe 
f C JAA 
} . pias } ? = 
™ 6 o 2 » f ‘ 
9 bees LP] t i + “afl 
7 'S i At 
' a Py 
2 ' F fie 
: 4 J a ¥ 
! 
f- ~ t 
4 _* t ¥ } +f i 
; S 12 BS 
, ~ . fon 
v t ifs 9 | =] | Dae > | be 
; : 
m 1 i ’ 
Mire LO cI W cab J 
i i r ~ ~ } Pd 
. 
f } : ‘Tas as D.2 
. ¢ “ 4 f f 
ul « & 
' ) -, 
m : if 
: ‘ 
dy — = 
é >3 ; : i i. ; 
> ~ - + - 
‘ bs r 
e a i ot fr : j : - F ro eos 
‘i wile kia ad - ba ee 5 " OF + SPS A et 
e 
. t= = 4. ~~ 
\ Pa oe | 591 OC = ve -" eS LBS’. ber ded i 
f 
¢ ” a . +r r faftrs't c Et 
‘ 1 af . Ld ~~ ae et ee aa & 4 
Pa “ a Ff - ‘ + 4 
r ii »4 fT 4 IL Ju. GAR’ os 27 
- 
- 
& 
. a . fe | eal 
, ‘ . rae avy Gee ee ey eee eS fast 
= j S05 ti JeotseIns tO SIB SIAONMS LS DLOnaSAns % 
. 


eos sVaer) £ 
a % ; na 


ac 


2 
less processing of information. The mathematical models of 
threshold gates can be applied to such disciplines as 
decision theory and adaptive control; also, approximate 
mechanizations of these threshold models are found in the 
nervous systems of animals. Hence, the interest in threshold 


logic elements is not restricted to logical designers. 


In this thesis, the use of Hamming distance to 
predict various properties of Boolean functions is investi- 
gated. Initially, Hamming distance between two vertices 
is defined. In a Boolean n-space, there are Oat Owa) 
distinct combinations of two vertices; hence, there are 
get 2.1} possible Hamming distances in a Boolean n-space. 
For a Boolean function F (x), Sid.s ip x) and two vertices, 
which are n-tuples, there are three possibilities; both 
vertices lie in F, both vertices lie in F, or one vertex 
lies in F and one vertex lies in F. Three distance 


vectors d= (d,, ..., di). d= (d at, alae and d'= 


1’ 
(d'), bar bebe dy) are defined, such that, for each vector, 
the i element, lg ign, represents the number of Hamming 


distances of i. Vector d records all distances of distinct 
combinations of two vertices lying in F. Vector d records 
all distances of distinct combinations of two vertices 
lying in F. Vector d' records all distances of distinct 
combinations of two vertices where one vertex lies in F 


and one vertex lies in F. Another parameter called the 
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3 
mutual distance total Q of a Boolean function F(X), eielasy 
x). which is the sum of all the possible Hamming distances 
of F, may be easily calculated from the distance vector d. 
Hence, three distance vectors and a mutual distance total 
Q may be calculated for a Boolean function F(x), stay x)s 
These distance parameters describe, to a significant extent, 
ee seructule Of (Fees tne rob JECELVG Of this thesis is to 
discover appropriate theorems on how various properties of 
a Boolean function F(x, seer x) are necessarily implied 


from these distance parameters. 


Before going into any detail about the properties 
of a Boolean function, it is necessary to clarify some basic 


definitions and notation which will be used in this thesis. 


A binary variable x; is a variable which assumes 
the value of either element of the two element set B, i.e., 


x, €B = | OF see 


A literal is a variable not specified as to whether 
it is in the unnegated form, X;, OF in the negated form, Xi 


it is denoted by X.- 


A simple product is a conjunction or product of a 
subset of the literals Xpr seen Xi for instance, X5X4Xo 


is a simple product. 


A minterm, fundamental product, or n-tuple is a 


r i i 
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Simple product of all the n literals; for instance, 


x. is a minterm. 
n-l “n te 


A switching or Boolean function is a function of n 
binary variables such that it assumes a value of either 0 
or 1 when each of its n variables assumes a value of 0 or 
Lee Notice: that, "given a Boolean function F(x,, ..., xX.) = 

a n 
Dean wasboclLeanw unCtlonuG(X4, 20) xX.) = lL, Ff and G are 
af n 

functions of n variables; they are independent of all the 


n variables and are called constant functions. 


A Boolean expression, form, or representation, is 
a particular form in sya a Boolean function is expressed. 
It is built up from the variables and the constants 0 and 
l by a finite number of applications of the Boolean opera- 
tions of addition (+), multiplication (+), and complementa- 
bion si): 

A normal disjunctive form or a sum-of-products form 


is a disjunction or sum of simple products. 


A disjunct is a simple product appearing in a 


normal disjunctive form. 


A disjunctive canonical form of a Boolean function 
is a normal disjunctive form whose disjuncts are all dis- 


tinct minterms. 
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An implicant P of a function F is a simple product 


that can be found in some normal disjunctive form of F. 


An implicant P of a function F is called a prime 
' 
implicant if P implies F, and no other implicant P exists 


' 
such that P implies P , 


A prime implicant P of a function F is called an 
essential prime implicant if P contains at least one vertex 


which is not contained in any other prime implicant of F. 


An irredundant normal disjunctive form is a repre- 
sentation of a Boolean function as a disjunction of a 
subset of its prime implicants such that no prime impli- 


cant is redundant or may be deleted from the expression. 


A minimum sum-of-products form is a representation 
of a Boolean function as a disjunction of a subset of its 
prime implicants such that it is minimum according to a 
criterion, say the number of terms in the expression and 
then the number of literals. Note that a minimum sum-of- 
product form is necessarily an irredundant normal 
disjunctive form, but an irredundant normal disjunctive 


form is not necessarily a minimum sum-of-product form. 


The Cartesian product of n copies of B, po = 
BxBx***xB, is called the n-cube. There are 2” elements 


or vertices in the n-cube, they are the 2” different 
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valuations on the ordered n-tuple X = (Xj) 7--++7%))- 


In an n-cube, the subset of vertices corresponding 
to a Boolean product of (n-r) literals, O<r<n, where each 
literal is present as a factor exactly once, either comple- 
mented or not, is called an r-subcube. A don't care symbol 
* is used to replace variable x where oy is not present in 
the product. For instance, in a 6-cube, the 3-cube correspond- 
ing to X)X3X4 is represented as 1*10**. There are 2* vertices 


in an r-cube. 


A Boolean function F(X1,-++,/%,) is a threshold 
function if there exists a vector A = (aj,--+,a,) of real num- 
bers and a threshold value T such that xat = T represents a 
hyperplane, in the n-dimensional Euclidean space, which 
separates F and F; the realization of F is R[F] = (Qjreeee 


ait). 


The notation used in this thesis, in some cases, is 
mixed notation for Boolean and set-theoretic operations and re- 
lations. However, most of them are just notations used in 
Boolean functions or ordinary algebra. e.g. + denotes Boolean 


addition and ordinary algebraic addition. 


denotes Boolean multiplication and ordinary 
algebraic multiplication. 


denotes complementation. 
= denotes equivalence. 


<¢ denotes the upper bound property for sets and 


switching functions. It reads "lies in" and is 
used in place of "implies." 
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> denotes the lower bound property for sets and 
Switching functions. It reads "contains" and 
is used in place of "is implied by." 


FiSF, denotes that the two Boolean functions Fy 


and Fo satisfy the relation FCF, or the 


relation FLHF.: 
FjeF denotes that the two Boolean functions Fy 


and F. satisfy the relation FPF, or the 


relation Fi=F.-. 


denotes algebraic upper bound property. 


[A 


[Vv 


denotes algebraic lower bound property. 
iff denotes "if and only if." 

€ denotes "is a member of." 

¢ denotes "is not a member of." 


M(F) denotes the number of vertices in a Boolean 
EFuNCtiONJE. 


Fi:F5 denotes that the two Boolean functions Fi 


and F, are comparable; that is, FSF, or FLOF.- 
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CHAPTER 2 
BOOLEAN FUNCTIONS 
2.1 Characterization of Boolean Functions 
2.1.1 Reduced Functions 


A Boolean function F(X) ,++-7X,) can be expanded along 

. <i< = ' x. hice i = 
any variable Xin Se ocn cnat: Ff ace + iP, The re 
duced function By is defined to be F(Xq pees Xi pel eXsyyreees 
xi the reduced function FS is defined to be F(X) 7. +2 9X 


i-1’ 
a 


0, XigpreeeX)- It is possible to further expand F along 


another variable = i3<—75n, such: that 


F = x.x.F ex. ie este gy aa tee Gas 
Lek aX ce pe ae ae SS fae ore at eS ye ae 
iO ij 4 ie 


In fact, F can be expanded along all of its n variables. 
2.1.2 Chow Parameters 


Chow proved that a set of (n+l) parameters can 
uniquely characterize a threshold function; consequently, 


these parameters are called Chow parameters (4). Leta 


(4) See Chow (1961b). 
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Boolean function F(x), gees x) contain M vertices 
se = (x55 Koos Ue RP. yea Se Me 
Then 
M 
(c a (Cc a Cc v7 ooo yp CG ) = iy At 
1 2 n =e 5 
M 
or C; = YF Xi 
j=1 J 


Hence, C5 is equal to the number of vertices of F in the (n-1)- 
cube Xi that is, C5 is equal to the number of vertices in 
aM The (n+l) Chow parameters are (M, Cis Haters CA): the 
Chow parameters are sometimes labelled (M(F),C,(F), Poin s Ce AED 2: 


Die Properties of Boolean Functions 


2.2.1 Unateness 


A Boolean function F(x), wretehe x) is said to be 
positive in a variable Xin Paicn  elLiter shaswasnormal form in 
which no term has Xx, as a factor. Also, F is said to be 
negative x iff F has a normal form in which no term has x. 
as a factor. For instance, F = x1 X3X, Rs x, is posi- 
tive in xX, and Xo 3! 


negative in X,- A Boolean function F, which is positive in 


negative in x and neither positive or 


x. and containing a minterm x,°+°x, ,X.X.,,°°°x. must also 
ul 1 t= eel n 


CONCH ITY Che" mincerm  xX.o ox. 2. Xe ***x : these two minterms 
a} 1 ete ha 


*x which does 


can form the simple product x,°°°x;_jX3,) °° ef 
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10 
not contain 2 as a factor. Geometrically, if F contains 
one vertex in the (n-1) cube Xe then F must also contain 
the corresponding vertex in the (n-1) cube x. which dif- 
fers from the vertex in the (n-1) cube x, only in the Eee 


coordinate. These two vertices are consecutive and form 


a l-cube. 


Expand F along the variable Xi lgign, so that: 


If F is positive in Xi then Fy = Re s Relfatiuss negativer in 


i ve 
Xin then Fc Fo - if F is both positive and negative in 
i iL 
x. then: 
ar 
Peel — sands baa Gur ft, 
ee yale ree xX. 
at i i ih 
or PS. = ve ° 
z i 
Then, 
Fie =f xk. x 
a: Lex 
i i 
Se 
X. 
a 
Tat is it FY. = FS , then F is independent of X.- 
i i 
Propositron 2.2.1.1 (5) If a Boolean function 


F(X) ,+--+,X)) is positive in Xin it can be expressed as 


(5). ~See, Sheng (1969:, 27). 
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X,G)+G, where Gy and G, are functions independent of Xs such 


that G)> G,- 


POLO tary 2.25.5 b21.. ibieeaehOOLean _Lunction 
F(x), Pop x) is positive in Xs and not negative in Xi 


then C,> Mia. 


Corollary 2.2.1.1-2. I£ a Boolean function 


F(x), Peg x) is independent of xis then C; = M/2. 


A Boolean function F(x), are ets x) is said to be unate 
in x; iff F is either positive in Xi negative in X;, OF in- 
dependent of X5- Also, a Boolean function F(x4, AP GAY x) 
is said to be unate iff it is unate in each of its variables 
(6). For instance, F = x.x. + x,x.x, + X.~x x, is a unate 
function because it is negative in x} and Xor and positive 


v1 x 


3 and X4° 


Two Boolean functions Fy and Fo are said to be 


comparable iff either F,2F, or FLCF,- Hence, the re- 


duced functions ES and ES 7Of al unate function F(x), ausleny 
1 i 
x) are comparable. 


PLODOSI AOn es 245. .25,4/). A Unate. function F(xj, cues 


x) is positive in x and not negative in Xs Lit Cc, > M/2. 


(6) Unate functions have been studied extensively 
by Dertouzos “L9G5:— 245), Hu (L965: (.68-/0)> Gises 301963)", 
Paul and McCluskey (1960), McNaughton (1961), Sheng (1969: 
27) and Winder (1962: 16-21). 


(7) See Sheng (1969: 28). 
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Proposicion 2,201.3 (8). A’ Unate function F(X oe Meee 


x) 1S independent of x. iff C. = M/2. 
n i i 


propos? cron 2. 2ol.4 #(9') SP ece x5 occurs in a prime 
implicant of a Boolean function B(x, meee s x4 then F is 


not independent of X- 


Corollary 2 1e4-L.. 8 -Lt x, occurs in the prime 
implicant of a unate function F(x), ..., X)s then Fis posi- 


tive in Xi and Xe cannot occur in any prime implicant of F. 


COrollaryeces.. 4-2. The disjunction of any 
subset of prime implicants of a unate function F(X), +++, x) 


is unate. 


Corollary 2.2.1.4-3. All the prime implicants 
ofa unate ‘function Pixon. ., x), considered asr-cubes, 
i! n 
contain at least one vertex in common. For instance, if F 
(x), arent; x) is positive in Xproseer Xe then x °°°X) is 


a common vertex of all the prime implicants. 


Proposttione2,. 2+. (10). Lfsa prime implicant Py 
of a Boolean function Bator Aa x) implies the disjunction 


of several other prime implicants BE ag) rae of F, then F 


(8) See Sheng (1969: 28). 
(9922 Sees ShengenG 9696928 )2 


(10)i 2 Sees Shenge (1969259 29)% 
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cannot be unate. 


BYONOSTELON g2a2al ao ,6UL). gente prime implicants of a 


unate function F(x}, ..., x) are essential implicants. 


Corollary 2.2.1.6-1. A unate function F(x), ..., 
x) has a unique irredundant normal disjunctive form which 
consists of the disjunction of all of the prime implicants 


Ob). 
2.2.2 Monotonicity 


Monotonicity and its related properties have 
been studied by Hu (1965: 58-78), Paul and McCluskey (1960), 
Sheng (1969: 27-39), and Winder (1962). A Boolean function 
F(x), shave} x) is said to be l-monotonic iff, for all i, the 
reduced functions expanded along x5 (18 es Rye and ES) are 
comparable. A Boolean function F(x, eI, x.) is — to be 
k-monotonic iff the reduced functions of F expanded along 
any i variables, 1¢isk, are comparable. Finally, a Boolean 
function F(x), Ase x) is said to be completely monotonic 


iff it is n-monotonic. Notice that if a Boolean function is 


k-monotonic, k22, it is also i-monotonic, 1$i¢k. 


Proposition 2.2.2.1 (12) A Boolean function F(x), 


(11) See Sheng (1969: 29). 


(12) See Sheng (1969: 30). 


V at aby of? LEAS 


~ 
i" re oo re foO¢ 
r : {oe 
Le. } i a be ‘ores DOS ‘ we 
ws ‘ , - P 
f LO a i O15 OMeanL) © A 
5 “~ a, 
; oS ‘er " § ‘Bob re 
+f : “ a. fod 4 od od wD A ? 
f { 
4 fc — ~_ - £ at. — - 4 
g WLS IO £5 OT f 
{I 
“ pow > me or 4 c - 
Jf) i 4 i C Fat?) ry rit CS yoy >i 
Vi De! -“ fa) ad + > a 
le at Sen + be uA 4 a ''4 a Pt ES a a 9 Ast Ss 
¥ rotone ; 7 F - fF ee > ‘a ff * 
i 4 
- f Liwahi | | : ‘ 4 ow LES ¢ 4 es 4 
sh 
~A rr cf AiG ~ - acoitlé we TA r 
TO £3 Css 1o0cK E ce Spo is Souo-ov7 
« 


ft A : ; te 


£.S$ mottiacqexd = 
, he a 5 ed 


’ 
+ 
Stan sa 70f 
é 
itizsogord 


~ oy 
4 
‘ 
4 7 ) : T . 

whe pt ad hie 3 
i ; F 
». * ; be J 

} = 29S) .' 


o “1 KA 
‘ \" 
Af beta 
‘ , o£ + fee 
; VGA oe 


.eeids iasv 


Sa .ofnoso 


as 


14 


Ero x) is unate iff it is l-monotonic. 


PYODOSLLION 2.ese.e (13). 7 herer (Xy, seer x) be 2- 


monotonic and Px. x, and PIX, be two reduced functions of F 


expanded along any two variables x. and x,- Then 
Se a pe K! 
x, 5X x 


iff C,<C 
ie ee 


dk 


Two threshold functions Fi (xy aie. | x) and FP 


(x “oe x,,) arersate eto rbe 1Sobaric 1Et they can be 


a! 
realized with the same weight vector A = (Ayr sees a) and 
two different threshold values T) and To, respectively. 
Similarly M threshold functions Fy (xz, a OnerE xX) Fo (xy, 
A page! xe Rag Fy (0 Lp trae x) are Said to be isobaric 
iff they can be realized with the same weight vector A = 
(a,, me bs an) and M different threshold values Tyr Tor cess 


T respectively. 


M’ 
Proposition. 2.2.2.3 (14). Two r1sobaric..threshold 
functions Fi (x1, atauety x) and EF. (Xp, seer x) are comparable 


and F, > F 


1 > if T) $T 


2k 
Corollary 2.2.2.3-1. Let Fir Fo, “Ay Fy be M 


(13) «See~Sheng, (1969: »30). 
(14) .See.Sheng, (1969: .31). 
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isobaric threshold functions with threshold values Ths Ty, 


Pen ok oe 


ah respectively. If T,$T,S idee SF 1 2 
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Proposition 2.2.2.4 (15) The reduced functions of a 
threshold function F(x,, are x) expanded along any one 


subset of variables, are isobaric threshold functions. 


Gorollary’2.2.2.4-1. Any threshold function 


F(x), ate oot x) is completely monotonic. 


Proposition 2.2.2.5 (16) An [n/2]- monotonic Boolean 
function F(x), cae see x) is completely monotonic, where [n/2] 


the greatest integer Sn/2. 


Corollary, 222..2.5-1. All unate functions: of 


three or fewer variables are threshold functions. 


COrOl larnveen er 2.0 ~Z..e ALL 2-MOnoLonic. funcEions 


of five or fewer variables are threshold functions. 


Proposition 2.2.2.6 (17) If two Boolean functions 
Fix], eet, x) and F. (x), Rt aati x) are comparable, then 
the reduced functions of Fy and F, for any common (n-M)- 
* * 
5 & * * * 
cube ate > cis (that is, rie be ase and Hike 2 shee 
1 M uf M 
(oj see oheng, (1969: —31)) 
(16) See Sheng (1969: 32) and Winder (1962: 11). 


(17) See Sheng (1969: 33). 
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aneatomparable for M=]1, ...,; n. 


Proposition 2.2.2.7 (18) A k-monotonic Boolean 


function F(x,, Care: x) is (k+l)-monotonic iff for every 


pair of opposite (n-k-1)-cubes x*¥ +++ x* and x* see 
a k+1 1 
x* , the corresponding reduced functions Fx oe ye 
k+1 1 da] 
and Pox ares" are comparable. 
ar *k+1 


PROPOSteLOn a2 canoe (19) For fixed ny ‘the**tdollow- 
ing sequence of properties defines a strictly decreasing 
sequence of class of functions: 1-monotonicity, 2-monotoni- 


CULY 7 aha; [n/2] -monotonicity = complete monotonicity. 
2.2.3 Asummability 


For all integral values of k>2, aaa: 
is a necessary and sufficient condition for threshold func- 
tions. K-asummability is derived from the concept of 
disjoint convex hulls; it has been studied extensively by 


Chow (196la), Gabelman (1962), and Highleyman (1961). 


A Boolean function F(x}, ..., x) is\'said>-to. be 
k-summable, k being an integer22, iff for some integer j, 
243°Sk, there are j vertices’{y | Gs", x5} in’ F* anad®*4 

1 


vertices {Y,, ..., y.} in F, not necessarily distinct, such 
i j 


(18) See, Sheng (1969: 34)... 


(199 <25See¥Sheng (1969: 34) and Winder (1962: 12). 
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that 


F is k-asummable if F is not k-summable. 


Proposition 2iZ2e56i (20) M Boolean function F(x), 


eles; x) is a threshold function iff it is asummable. 


Preones1 Gien x2 22. 3.h: «(2h A Boolean sfunction F(x , 


» a} x) is completely monotonic iff it is 2-asummable. 
2.3 Classification of Boolean Functions 
2.3.1 Admissibly Equivalent Functions 


An admissible transformation of B” is a bijective 
(one-to-one and onto) transformation a: B'+B” which can be 
extended to a linear transformation of Euclidean space (22). 
The set of all admissible transformations of B’ forms a 
group called the hyper-octahedral group which is denoted by 
O,- All admissible transformations correspond to permuting 
and complementing subsets of the n variables. The hyper- 
octahedral group O, is of order 2” (nl) since there are 2” 
possible ways of complementing n variables and n! possible 
ways of permuting n variables. Every admissible transforma- 


(20 \GeSeei tu, 1965e 3.717), Bhengs.01969°5 4 36) and 
Winder —CL962225 33). 


(21), See~hw (L965 4579)), Sheng *(1969.:, +37), and 
Winder G2= 38). 


(22) See Sheng (1969: 40). 
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tion qa € On induces a transformation a: @ > ® of the set 
@ of all Boolean functions; hence, a(F) = G where Féq@® and 


Ged. For instance, let F = xx, + X5X3 and a be the 


fe 


complementation of variable x; then, a(F) = x1x + X5X3- 


a 3 3 
Two Boolean functions F(X), aEetene x) and G(x), B ebaty 
x) are said to be admissibly equivalent iff there exists 
an admissible transformation a ¢ ie such that a(F) = G. 
For instance, F = X1X> + X3X4 and G = XoX3 aa XX, are ad- 
missibly equivalent. Boolean functions are divided into 
disjoint equivalence classes which are sometimes called the 
symmetry types. For any complementation and/or permutation 
of variables (i.e., any admissible transformation a), the 
transformation a: ®—-@ preserves linear separability, k- 
summability, k-asummability, k-monotonicity, and complete 
monotonicity. Then every unate function E (oes tel, x) is 


admissibly equivalent to a positive Boolean function. 


Proposition 2.3.1.1 (23) If a threshold function 


F(x), wetn x) has a realization r(F] = (a poses ali Ta) 


the Boolean function G(x), ---, X,) = F(x), veer Xs lye Xs 


Xegqrocece x) is also a threshold function and has a reali- 


zation R [c| = ey oe was T') such that a.=a, fOCe ls Fale 


' 
n 
aj= Hote for i =a) feand T = 7T - a, i 


~ 


Corollary 2. 3..0l—-1. lt a cthimesiola, funct yon 


F(x), +++, %,) has a realization R [F] = (a,, --+, a,iT), 


(23) See Sheng (1969: 41). 
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19 
then the Boolean function G obtained from F by complementing 


a subset of variables{x; poseen X his also a threshold 


a. M 
] i] | 
function and has a realization R [G] = (ay, «++, a T ) 
i] ' 
such that a; = a, for x,¢ (ome ee Sa a, = -a, for 
’ M 
x.€ 1%, rect Cary \, and. T # T- fa... 
i iy iv j ats 


Proposition 2.3.1.2. (24) If a threshold function 
F(x), ..-, X,) has a realization R [fF] = (ay, +++, a7 T), then 
the threshold function G obtained from F by an arbitrary per- 
mutation of the variables is R [F] with a permutation of the 


weights the same as that of the variables. 


A Boolean function F(x, shot eke x) is said to be a 
symmetric function iff F remains invariant under any permuta- 
tion of the n variables. F(x,, ..., x.) is symmetric in 

1 n 


variables x, and Xs 1 $ j<kén, if en oes = exter For 

jk j 
instance, F = XXotX)X3tX5X3 is symmetric in xy and Xo + A 
2-monotonic function F(x), seks x) is symmetric in x5 and 
Xs 14j<kgn, if c5i=% - 


2.3.2. Canonical Functions 


| A Boolean function F(x), ecerety x,) is said sto 


(24)See Sheng (1969: 42). 
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to be canonical iff its Chow parameters (M, Cyr seer Cl) 
satisfy the following relations: M/28C,SC.4.--SC_- ins! 
fact, every Boolean function can be changed into a canoni- 
cal function by complementation and permutation of 


variables. 


PrOuGsLELONee core «1. (25) Every Boolean function 
F(x), eiecesy x) is admissibly equivalent to at least one 


canonical Boolean function. 


Therefore, a symmetric type or equivalent class of 
Boolean functions of n variables contains one, and possibly 
more than one, canonical Boolean function. The admissibly 
equivalent canonical function of an arbitrary Boolean 
function is not necessarily unique; however, for certain 
restricted classes of Boolean functions, the admissibly 


equivalent canonical Boolean function is unique. 


Theorem 2.3.2.2. (26) Every 2-monotonic 
Boolean function F(x), 55 5p x) is admissibly equivalent to 


a unique canonical Boolean function. 


Corollary 2.3.2.2-l1. Every threshold function 
F(x), at ae x) is admissibly equivalent to a unique canoni- 


cal Boolean function. 


(25) See HG "(1905297 97) sanconeng ClL969s 6435)". 


(26)> See hu P0965" 97) Vand “Sheng 9(1969, 9 43)" 
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2.3.3 Dual-Comparable and Self-Dual Functions 


BEGODOS? CLONes 25.56 (2 idee be F(x), air x) is 
a threshold function, then the complementary function 


F(x), -++, X,) is also threshold. 


The complementation of a Boolean function preserves 
linear separability, k-summability, k-asummability, k-mono- 
tonicity, and complete monotonicity. The dual Boolean 
function FY (x,, ray x) of a Boolean function F(x), ee 7 
x,) is defined as Sede ce a) T= P(x), BAA x): That 
oe RY afatthe complementary function F with all the 
variables complemented again. Since the complementary 
function F can be obtained from any expression of F by 
interchanging addition and multiplication operations and 
the complementation of the variables, the dual function 
can be obtained from F by simply interchanging the addition 


and multiplication operations. 


Proposition 275.5.2. (26) 7 ALE F(x), Stal eay x) is 
a threshold function, then unio selene x) is also a 


threshold function. 


A Boolean function F is said to be dual-comparable 


iff For? or rcr?; F is said to be self-dual iff F=F, 


(27) See Sheng (1969: 54). 


(28) ~See Sheng, (1969: ~56).. 
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is dual-comparable. 
2.4 Linearly Separable Boolean Functions 
2.4.1. Definition of a Threshold Function 


A Boolean function F(x), ---, x) = F(X) 
is said to be a threshold function if the following condi- 


tions are satisfied: 


n 
= i = > 
EX) SL, rh £. (X) 2 asx; ‘it 
i=l 
n 
and E(x) =0, Let £, (X) = _ asx, <a 
i=l 
where 
Sig meee binary variable assuming a value of either 
OeOtesbe atom 12150 woe, Ty 
X = a vertex of the n-cube, 
a, =a real coefficient called the weight of Xi 


Ook a OM ee A ee 8 oP 


A’ = (aj, sear ans the weight vector, 
T = a constant called the threshold value, 
F(X) = a Boolean function of X, 

and £, (X) = an algebraic function of X. (30) 


(29) See Muroga (1961), Muroga (1965a), Sheng (1969: 
58), Winder (1965a) and Winder (1965b). 


(30) -See Sheng. (19693 5.6) ebu (2965: 28-32) 5 
Dertouzos (1965: 9-10), and Winder (1962: 2-3). 
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26 
A threshold function is often called a linearly 
separable function, a l-realizable function, a linear- 
input function, or a majority input function. A threshold 
logic element is a physical realization of a threshold 


function. 


: F(x), écarety x) 


Figure 1. Symbol for a Threshold Logic Element (31) 


As Figure 1 indicates, a threshold logic element 
consists of n binary inputs {x}, Lae one Nn anpot 
weights asf. lie) .«, m@, a threshold value Tf, and one 
output F(x), bas ty x) The realization of F is R[(F]= (ay, 


veer Ali T). The equation 


represents a hyperplane, in the n-dimensional Euclidean 
space, called a separating hyperplane. This hyperplane 
separates the vertices of F from the vertices of F; hence, 
a threshold function is sometimes called a linearly 


separable function. 


(31)’ See Srenrce (W969 ta). 
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2.4.2 Convex Hulls 


A set C is said to be convex if, whenever 
X) and X, are points of C, the entire line segment between 


Xy and Xo aleo belongs to C (32). 


The convex hull of an arbitrary set of points F 
in the Euclidean space me H(F) is the smallest convex 


set which contains F (33). 


The geometric concept of convex sets and convex 
hulls is helpful in the visualization of a threshold 


function; consider the following theorem. 


Proposition 2.4.2.1. (34) The Boolean function F 


is a threshold function iff 


H(F)OH(F) = @ 


where @ is the empty set. 
2.4.3. Number of Threshold Functions 


The general problem of how many threshold 
functions there are for n variables is still unsolved. How- 


ever, lower and upper bounds, on the number of threshold 


(32) “Seer sheng C1969: “11):,. 
(33) SeerSheng, (1969s) 12). 


(34) See Sheng (1969: 12). 
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functions of n variables, have been given by Winder (1963), 
Smith (1966), Yajima (1965), and Muroga (1965b). Winder 
(1965b) generates all the threshold functions of seven 
variables; Muroga (1970) generates all the threshold func- 
tions of eight variables. Table 1 includes some of the 
results from Muroga (1970). Notice that the ratio of the 
total number of threshold functions of n variables, or 
R(n), to the total number of Boolean functions of n vari- 


ables decreases very rapidly as n increases. 


TABLE 1 


NUMBER OF THRESHOLD FUNCTIONS 


Number of Number of Number of 
Variables, n Boolean Functions, Threshold Functions, 
22" R(n) 

0 

1 

2 16 14 

3 256 104 

4 65536 1,882 
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CHAPTER 3 
DISTANCE VECTORS OF A BOOLEAN FUNCTION 
3.1 Distance Vector d 


For a Boolean function F(x), aaer ety x) composed of 
M vertices, the number of distinct combinations of two 


vertices is M(M-1)/2. Two vertices X= %11 *12 °° *in 


and X= are said to have a Hamming distance 


deez 22a ce tor 
of k iff complementing k variables re l<ign, of vertex Xy 
produces X51 where each element of vertex X can be comple- 
mented no more than one time. Hence, if M<2, then no Hamming 
distance can be calculated for F. For each distinct com- 
bination of two vertices of F, a Hamming Asoende Ofek aiisk 
Kén, can be obtained. These distances can be recorded with 
a distance vector d = (dj, cary d_) where dys l¢ksn, is the 


number of distinct combinations of two vertices of F that 


have a Hamming distance of k. 


3.2 Distance Vector d and Canonical Vector f as Related to 


Monotonicity 


For a Boolean function F(x), eee x) with Chow 


parameters (M, Cy Pe Cy first let L. = minimum of C; 
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27 
and (M - Ci), i=l, ..., n; then, relabel the subscripts 
of Le so that /,< 9S ne Sfous M/26 The result is a vector 
f= (Ly), praet Le) which will be called the canonical vec- 
tor Jof F. A function G(x,, E leh; x) which has Chow 
parameters (mM, £,,£,, 3 oat} L.) is called a canonical func- 
tion. Let this function G be admissibly equivalent to 
the function F, i.e., one can be obtained from the other 
by complementing and/or permuting some variables. Note 
that the canonical vector lof G is its Chow parameters. 
Thus, F and G have the same canonical vector J. In fact, 
all functions which are admissibly equivalent have the 
same canonical vector /. Moreover, consider two vertices 
X 


and X.= x which have a Hamming 


tee le in Ogee? V2 eee On 
distance of k, lskgn. Any subset of the n variables can 

be complemented and/or permuted; however, vertices X) and 
Xo, after complementation and/or permutation, will retain 


a Hamming distance of k. Hence, admissibly equivalent 


functions have the same distance vector d. 


For the Boolean function G(x), ediory a a subset 
of r variables, lgran, is said to contribute a value k to 
da. iff there are k distinct combinations of two vertices 


of G where only the elements of those r variables differ. 


There are 2* reduced functions that result when 
G is expanded, in every possible way, along a set of r 


variables, lgrgn. This set of r variables is said to pre- 
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28 
serve r-monotonicity iff all of these 2" reduced functions 
are comparable. In the sequel, G is assumed to be a 
canonical function; as admissible equivalence preserves 
complete monotonicity, theorems proved for G are also 


true for G's admissibly equivalent function F. 


Theorem 3.2.1. For the Boolean function 


n 
C(t ex jethe maximum value.of de is )..h4.  —That is, 
v n 1 72) + 
n 
djars 2 
OE oop 
n 
Proof: Assume d, > - L ;: Then there must exist 
i=l 
a variable SS 1éj4n, where variable us contributes more 
than f. to d,- That is, the number of distinct combinations 
of two vertices Cie Petals en €G and aegis So er 


ey €G, where Y e{o,1} and 1<kSn, must be greater than 


=. 


k 


J 
Then, M(G, )>£; 
J 
But pyM(G 4) = Les a contradiction. Oa: DE 
j 
Theorem 3.2.2. The Boolean function G(x), haters 
n 
x) is l-monotonic iff © f. =4d.,. 
n : i: al 
i=l 
n n 
Proof: Necessity. Assume 2Y/f.> dj, i.e., 2 ioe: dy 
i=1* i=l 7 


(By theorem 3.2.-1.).. 


There must exist a variable a 1S.315n wethat, Gontri- 
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butes less than L. to d That is, there is a ‘vertex 


1° 


Pie) te 7 €G such that vertex eee, Se: er 


ee 


Yi" ° ited > 


Y fo Gahereny .¢ {0,1}, lékén. 


Then, ory Zz GS 
J J 


But M(G_ ) = £. $M-f. = M(G—) or G 2 2 ae 
xX. 5 5 se. x. 7) 

J J J a 
Hence, G is not l-monotonic, a contradiction. 


Sufficiency. Assume G is not l-monotonic. There 


must exist-a vertex Y_-°°**yY. .1Y. -*°*yY € G such that ver- 
uf j-1  4+1 n 


tex Yj °°°¥._,0 cae a G, where Y.W€ Hereby and 1ék$n. 


Ls gale Se k 
Then, variable es contributes less than L. to dy or (using 
theorem 3.2.1) 


n 
> L. > dj, a contradiction. O76 <D. 


Corollary 3.2.2-1., The Boolean function F(x), 


n 
eae s x) 1s l—-mMmonotonic iff >) b. = 


eek 1 


AHEOreEM 3.2.e. . FOr the Boolean function G(x, 


n 
STE CtE xe the maximum value of d, Ss aaa: that is 


i=l 
n-1 
d,$ 2 Is (n-i). 
i=] 
n-l 
Proof: Assume d, > 2% f. (n-i). 
en 4 
11 
Then, for some j and k, 1$3<ké€n, variables x. and x, contri- 
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and p vertices in G, such that p pairs of vertices can be 
formed where the vertices in each pair differ only in vari- 


ables x. and Xp- 


JHence,“ M(G, ) = p > b: 


j J 
But, M(G. ) = f., a contradiction. O.5£.D. 
3 


Theorem 3.2.4. Let the Boolean function 


G(x), cine x) be l-monotonic; G is 2-monotonic iff 


n-1 
zr £, (n-i) = d,- 
UL 
ne 
Proof: Necessity. Assume z L, (n=) ep do, 
i=l 
n=] ! 
deewse = wbp(n-i) # d, (by theorem 3.2.3.). 
i=l 


For some 3 and k, 1¢j<kén, variables = and x, contribute 


a value p < 4h cond That is, there are p vertices in 


yan 
Ser and p vertices in G, such that p pairs of vertices can 


J J 
be formed where the vertices in each pair differ only in 


variables a and X,° 


Since M(G. ) = £ > p, there are two possible cases. 
case (i): There exists a vertex in he + that is 
j k 
not in G—--—, orG ¢ Gos. 
XX) XX X5X- 


But, M(G ) = M(G, ) - M(G 
ape *3 “ape j*k 


goles ¢ = M(G. =<) 
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because M(G. ) = L.<muj2ému-h = M(G- ). 
> 5 k x 
7 k 
Hence, G D Gr 
X5X x 


Therefore, G is not 2-monotonic, a contradiction. 


case(ii): There exists a vertex in G, x that is 
not in G— , Or G = ¢ G— : 
LN ao : A Se es i 
But, cas ) M(G, ) M(G. ) es M(Gy 
Jk J J jk 
M(G. ) - M(G ) 
xX, iy 
= << = 
because M(G. ) L, <2, M(G, Mes 
j k 
Hence, G_ Dp GCG 
XR eS 


Therefore, G is not 2-monotonic, a contradiction. 


Sufficiency. Assume G is not 2-monotonic. 


Then, either of the two following cases exist. 


case (i): There exists a vertex in G, er that is 


a) ts 
not in one og for some j and k where 1$j<ké<n. 
5 
case (ii). There exists a vertex in G.. s that is 
Jick 
noc in Gy cat 
eK 


For either of these two cases, there can, at most, 


exist (L;-1) pairs of vertices in G where each pair differs 


. a » * 
, os ‘' =" t x 3 
, L f 
x a ~ on, | 
—-— ee 2 , Sane 
tf = > 
> | “A ’ 
k. \. ; 
5 > of ymramu-S gon ef D »Sstetstas 


> 
— 


re es P 7 -_ 
P he? ol mr e 20 Oo ar 208 
‘a as a “> vw ~ J 
+ oe . ’ 4 o>» 
BY isdn ; P ba ' 
@ i. f a = . i > 
j ~ ss ” ® _ ' e 
; J - ( vim = ( -_ o)mM ‘ twa 
x Cot 
» | # 
C aA = 
( )) M - =e 
Pa. ( a 
mR , n - ’ 
{ ath a 1 > 4 pm “yy hy ~ 
- DIM = ire, = ( om S2u598C¢ 
9 j + ly we f — 
< “% a 7 
r ht P| « ; 
ait? a (80h 
a a 
~~ 
+ os ee - 
| ; rl ioer t ») ,Ssrotersct 
SOEOI TOrnr € » 9 ees .VOrSsisr itive 
Lo - 


tes ‘kd, — ee Le eer . ee ; 
2ixS 3669 PHaLwolLsoad Cwa sil? to ward L@ 


ge 


only in variables x and x,. Ordinarily, f= M(G, ) = 
j 
M(G ) + M(G. =) is the maximum contribution of vari- 
XixX x. X 
aok Thk 
ables x5 and x to d.; however, because case (i) or 
case (ii) must exist, this maximum becomes (L,-1). 
giegs 
Hence, using theorem 3.2.3., 2 £.(n-i) >d,, a contra- 
i=l 


aLecion. Onire Di. 
Corollary 3.2.4-2. The Boolean function F(x), 


n n= 
ciate 7 x) is 2-monotonic Ltr mele = dy and eae iis = d.,- 


Suppose the Boolean function G(x), eke ety x) with 


Chow parameters (M, f fay we sotlh where Weis eSom 29 jae M/2, 


is 2-monotonic. Consider any combination of three variables 
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combinations of three variables. 
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3.3 Dual Comparability, Monotonicity, and the largest 
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U U Oca A tj were) = ZEF. 
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n-l 


: D 
Since M(F(x,, ..., X,))= M<2° ~, then M(F (x), ---, x) 


= 22_y>2™ 1 oy. Hence, F(x), Siete x) é P(x, coer x) - 


Since vertex X = %14%10°° Xin P(x), siete x) and vertex 
xX, = X11%12°°°*in': F(x), aistetp x) then vertex xX, = 


SAEG Oe =e But, if vertex X, € F(X,» Ren x,) and 


al 
vertex X) € F(x), 2253 xs then vertex X) ¢ F (xX), e eeyy x) 
D = bil is es 
= F (xX), S09 x) and vertex xX, g F (x) os eh, X= EF (Xj, 
ia, x) > Hence, F¢R. Therefore, F is not dual-comparable, 
a contradiction. 
Sufficiency. Assume F is not dual-comparable. 


n-1.50_y = M(FD (x, , “ae x). 


Since M(F (x), eae x,)) = M<2 
then F(x se) 2 FD (x xe) Also, since F is 
LY eoeegzp n 1h eeeg n es a 


not dual-comparable, there must exist a vertex xX) = X11%12 


D eee Di = = _ 
22 eXy € F such that X, fF ye eh hh ares Reg X,fF = F(x), Oe Xe 


then Xy = %11%10° X15, € F(x), eye eae xi hence, if X = 
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es F(x), tere a then Xy = X11%]2°°°*1n 


¢ F(X), «++, X). But, if X,; € F and X, € F, then D=n, 
a contradiction. Q.E.D. 

Theorem 3.3.4. For a Boolean function 
F(x), aealave x) composed of M vertices, where M = pray F 
is self-dual iff D<n. 

Proof: Necessity. Assume hen (i.e., Dfgn). Since d=n, 
then F must contain two vertices X=X)7Xyo-++ +X], and K)=X11% 0° °¥p: 
Also, since F is self-dual, then x, ¢ eo F(X), Shaye x) 3 
if x, ¢ F (x), 15a x). then X, € F (Xp, s+27 X))- 


But, xX) a (xy, eee x) OG X) g F (xX), oe, x) + 


Hence, F is not self-dual, a contradiction. 
Sufficiency. Assume F is not self-dual. 
Since F is not self-dual, there exists a vertex X) = X11%19 


02 eX € F where X) ¢ pee te (x17 ne te. x): If vertex 


ln 


Xf F (x, > aw x): then vertex X, € F (x, Le eh? 


u 


if vertex X, = %11%*12°°°*in € F (Xj) eevee xo then vertex 
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xX, = %11X10°°X1y €éF (x), Ait a? x): But, 1f vertex 


X, € F and vertex X) € F, then D=n, a contradiction. Q.E.D. 


Theorem 3.3.5. A Boolean function F(x), are 


x) is composed of M vertices; if Mé bpoas then F is not 


completely monotonic. 
Proof: Assume F is completely mwonvutonic. By theorem 
2.3.3.1., F is 2-asummable. Also, F must contain two vertices 


U and V that have a Hamming distance of D. Relabel the sub- 


scripts so that 


UP=*U, UL 6 Fei) UAu -2°U 


Mie". D D+1l n 


BG. G 


and pe -4U5 pUp+1 


ores ae) 
n 


But, there are exactly (2. mens) unique pairs of vertices 


Um and Z= Y_Y.°°*Y_U 


Mo SO he i D+1. 


Saris. Daptle 


aU, excluding 


U and V, such that U+V= Y + Z. Since F is 2-asummable, 


F must contain at least one vertex of each of these Oa) 

pairs of vertices, Y and Z. Therefore, M(F) = 2 + oe > SL 
D-1 ; 

that is, M(F) ¢ 2 , a contradiction. Onna. 


3.4 Methods to Determine the Parameter D 


For a Boolean function F(x), eee x) where M(F) 
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2 2, there are several ways to calculate the parameter D 
which is the largest Hamming distance between two vertices 
in F. One way to calculate D is to determine the distance 
vector d = (dj, hese qd.) of F; Dis the largest value of i 
where ds ¥ 0 and 1l#i¢n. Another way to determine D is to 
consider all combinations of two vertices of F and record 


the largest hamming distance found between two vertices. 


A relatively simple way to calculate D is as 
follows. Write F(x,, Met x) in minimum sum-of-product 
form so that F is the sum of essential prime implicants. 

If a variable Xi 21ST, OCCurs@in F an negated and un- 
negated forms, then F is not l-monotonic (by Corollary 

G2. 4-le 2s F-1is unate, the following method, to 
calculate D, can be used. Form a largest non-repetitive 
set consisting of a combination of not more than two 

sets of the independent variables of the essential prime 
implicants; the number of elements in this largest set, is 


the value of D. 


Example. F(x), see Xe) = XXoX_X_ + X1X3X4XoX_ + XoX.XoX— 


+ X1X5X3X4X_ ra X1XoX3X4Xe- The five sets of variables that 
are independent of the five essential prime implicants of 


the l-monotonic Boolean function F(x), Seep ce) are: 1X3 7X,4} 


{x5} , {X, 1X3}, 1X} , and {Xo} - The largest non-repetitive 
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48 
sets consisting of any combination of two of these in- 


dependent sets are: {Xo 1Xq 7X yt j {X17X4eX4h {X31X4rXe fy 
1X37%4 Xe}, 1X1 1X5 1X3}, 1X1 1X3 Xe} : and {x} 1X3 7X. | . The 
size of a largest set is 3; hence, D=3. 

3.5 Monotonicity and the Distance Vectors d and d' 


A Boolean n-space B’ contains 2" vertices. If a 
Boolean function F(xj, eT x) has Chow parameters (M, 


Cc Ae cts Ce a canonical vector l= (,, Siete li), and a 


ie 
distance vector d = (dj, ote di) then the Boolean 


function F(x,, -++, X,) has Chow parameters (M(F), C, (F), 


aay C_(F)) Gr (2"-M, 2G, teas 275i Cin a canonical 


vector J = (Z,, Soeth Zi) and a distance vector d = (dy, 


soe: d,): Hor allinscand 4, 1$1<56n, Z; 5025 


2 - M+ b, because Lishsi also, q. = 4D 


a 


-M+ Lh. and not 2” -b., i=l, ..., n, because 20-t wah ¢ 


n-1 > _ 
2 - { fons t.¢ M/2 cmM-J.. Since ~ Mass =M/ 2, b. = 


i 


2°" wth M(F)/2 = 2"-M . Hence, vector Z =(2,, Saale) 


5 n 
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The number of combinations of n things r at a time 


| 
is defined to be(2) = Tasey tet: For A Boolean n-space, 


n We 
composed of 2” vertices, there are € )=. au Meee oa =I) 


5 combinations 


of two vertices. From the set of n variables, the number 


of distinct ways of selecting r variables, lér¢n, is (2) 


n! 


Ste ; 
(n-r) Irf{ There are 2 vertices,in a n-cube, that are 


associated with each vertex in a r-cube; also, the 


number of combinations of two vertices, in an r-cube, that 


26 


have a Hamming distance of r is < = 2 . Hence, for a 


Boolean n-space, the total number of combinations of two 

vertices that have a Hamming distance of r, lérén, is (?) 

gn-fotol e n! gat In a Boolean n-space, the 
(n-r) Ir] : P / 

total number of combinations of two vertices that have a 


Hamming distance r, r=l, ..., n, equals the number of com- 


binations of two vertices; hence, it should be true that 


n Theat 
5 (?) gn-l = 2 (2 -1) 2 
r=l Z 
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Consider, 


n n 
L.S2n-=s .aF (?) 2n-1 gn-l ss (2) = 
r=] r=] 
n n 
gev1(oM_i) = 2 - ah BE, Na es 


Since M(F) = M and M(F) = ouaM:. there are M(2"—M) 
combinations of two vertices where each combination of two 
vertices consists of one vertex in F and one vertex in F. 
Let dad’ = (dz, oaks dq) be the distance vector to record the 
Hamming distances of all combinations of two vertices where 
each combination of two vertices has one vertex in F and 


one vertex in F. Then, 


n n n nan 
SEL Ey PR ie ie Ab ER “ Es 
i=l i=l i=l 
Since, 
n n n n 
Ed; Mw) : 7 d; {2 oN) oe ’ 
i=] i=l 
a n 
and z qs = M(2--M), then it should be true that 
i=l 
e Fin nate nye 
M(M-1) ie aS Od Bal tl es M(2"-m) = 2au(2 1) 
Po 2 ., 2 
Consider, 
n n 
b.s, = MPD 4 (2M) foie) + M27) 


Qo 


rr 


u ra 
. 
os , 186 
hae it ) t=n fe fr 
: } g . . ci { 4 a a+ eet 
\t © ss 
\ f ca 7 [wy 
> 
Aen, SR 
(f=) s 
} 
/ 
, ti —_ ‘ ' 
a= (A)™M ‘Di ‘= (3)M sonte 
ts es Re © SrSdw 2974 ov ow zo am r tanidmoo L 


at 9) 6 q cy os P| Ae oe ey 


aA “ss 


. ‘ a ; 
ee Pe rire a ey Fee +f & nae te 
CHMOD 115 20 BBORBISLID Ff tomo 


: i 

- i er a 

4 ’ QD > + My +) d 
Pot {=f 


A 
° Pd 
3n6 20 #t¢cianos es0lstav 


3 Ae Y 


ee .- 
a} ed ('B .... \-5) = BS 36 
a i ~~ 


nm a7 


Loy % te all 
. s 44 pa Oe 


in 
rt 
_ 

fi 
-~- 


fe Ls rit (ag M * 


2 2 
ao UM 2n-1 n n-l M M Mees 
aes 5 en 2 -M2 2 + > + 5 + M2 -M 
= g2n-1_,n-1 

non 

wee) = Rae 


Theorem 3.5.1. The Boolean function F(x), Teta 


n 
x_) is l-monotonic iff d, = n (2"a+—M) ease boat: 
n il fby x 


Proo£f:..Consider 


n n 
Memen (soe eMeeen bey (oa =M+ dj 
FL = ae 1 
i=l i=l 
out 
= ds ae 
i=l 7 
- n n 
Using corollary 3.2.2-1., F is l-monotonic iff d,j= 2% J.. 
i=l 

Hence, since F is l-monotonic iff F is l-monotonic, then 

= n-1 S 
F is l-monotonic iff dp = n(2 ) 5 L.. 

i=l 
COnollary 365,l—-1. if the Boolean function F(x), 
x_) is l-monotonic, d, = 2) oe) +d 
eme n , aL: asa 
Proof: Assume F is l-monotonic. 
n 
Then, dj = 2 {ts (by? corollary 372-2<1) 0. s8ystheorem a. >. ley 
i=1 
= n=-1 4 n-1 
d, = n(2e75-M) +) 2 f. ='n(2. eM) ad Or eiDe 
i i=1 + i 
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Corollary’ 3.5.1=2.08 If F(x), al op x) is 


l-monotonic and M(F) = pugs then dy = dy. 


PrOOf ss this. follows: from corollary 3 oVi-L. 


Theorem 3.5.2. For a l-monotonic function F, 


¢ , = n(n-1) n-1l n-1 
F is 2-monotonic iff Cl aa (2 -M) + »» £, (n-i). 
i=l 
n-1 ea 
Proof: Since: 2 i = “S , then 
T= 
ee i n-l 
(ote eas a Bad a(n i ee 
2 2 . 1 
T= 
nae a nel Now 
= y eV C2 -M+Z£;) (n-i) | = » EE (n-i). 
A : ah, 
To. Tt 


F is l-monotonic because F is l-monotonic. Using theorem 


Feat 


3.2.4., F is 2-monotonic iff doa 2 d, (n-i). Since F is 
1 
2-monotonic iff F is 2-monotonic, then F is 2-monotonic iff qd, 
n-l 
= Bip) (2h tm) +r D, (nmi). Q.E.D. 
i=1 7 
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Corollaryia5 29. 272% 


If the Boolean function 


F(x), es x) is 2-monotonic, then dy = (ae te) ~ qj 
= _n(n-1) ,,n-1_ 

and d., a 2 M) + da - 

n 
Proof: If F is 2-monotonic, then dy ye 1. and 
i=l] 
n-l 
d, = zy Penat} iby corollary 3.2.4—-2)2 Hence, using 


corollary 3.5.2-1., d, 
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If the Boolean function 
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CHAPTER 4 


PROPERTIES OF BOOLEAN FUNCTIONS AND THE 
MUTUAL DISTANCE TOTAL Q 


4.1 The Mutual Distance Total 


A Boolean function F(x), Arey x) has Chow para- 
meters (M, Cir ARE oF Cc): The mutual distance total Q of 
F is defined to be the sum of the Hamming distances of 
all combinations of two vertices of F. If M(F)<2, then 
the mutual distance distance total of F is not defined. 
The mutual distance total Q of F may be calculated using 


the Chow parameters and the formula 
n 
Ors 2 C; (M-C,). 


That is, since F is composed of M vertices where the ns 


Sremene wisn, 16 1. fOr C; vertices and is 0 for (M-C, ) 
vertices, there are exactly (M-C; ) Cc. combinations of two 
vertices of F such that each pair of vertices differ in 
the Paes element. Another method of determining the mutual 
distance total of F is by using the distance vector d= 


(d are qd.) of F and the formula 
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If the M vertices of F are denoted by X; = ass Bas i 


Xone i=l,...,M, then the mutual distance total Q of F may 


be calculated using the formula 


1 
= = sf -C. PS Oe ° 
Q= 5 xi, (MC,) + (1-x; 5) 
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This method is valid since 
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4.2 Computational Methods 

A threshold function, composed of n > 1 variables and 
M > 2 vertices, will tend to have a lower mutual distance total 
than a non-threshold function composed of the same number of 


variables and vertices. For notational convenience, 


q(Mn) is used to represent the minimum 
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mutual distance total of all Boolean functions, composed 
of n variables and M vertices, that are neither l-monotonic 
nor dual-comparable. Q(M,n) is the maximum mutual distance 
total of all Boolean functions composed of n variables and 
M vertices. Q, (M,n) and q, (M,n) are, respectively, the 
Maximum and minimum mutual distance totals of all Boolean 
functions, composed of n variables and M vertices, that 
are threshold. Q, (M,n) and Gq (M-n) are respectively, the 
maximum and minimum mutual distance totals of all Boolean 
functions, composed of M vertices and n variables, that are 
not l-monotonic but are dual-comparable. Q, (M,n) and 
q, (M,n) are, respectively, the maximum and minimum mutual 
distance totals of all Boolean functions, composed of n 
variables and M vertices, that are l-monotonic but are 


neither 2-monotonic nor dual-comparable. Q and Gg, are, 


dl 
respectively, the maximum and minimum mutual distance totals 
of all Boolean functions, composed of n variables and M 
vertices, that are l-monotonic and dual-comparable, but are 
not 2-monotonic. Q, (M,n) and qo (M_n) are, respectively, 

the maximum and minimum mutual distance totals of all Boolean 
functions, composed of n variables and M vertices, that are 
2-monotonic but are neither 3-monotonic nor dual-comparable. 
Qao (M-n) and Ago (Men) are, respectively, the maximum and 


minimum mutual distance totals of all Boolean functions, 


composed of n variables and M vertices, that are 2-monotonic 
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and dual-comparable but are not 3-monotonic. 


The maximum mutual distance total Q(M,n) may be 


calculated using the formula 


0O(M nNws Laden, 
where I is the largest integer¢$M/2 and J=M-I. This is 


true since K(M-K), O¢K£M, is largest only when 


K = I. and (M-k) J 


I 
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One of the methods that was used to calculate 
some of these maximum and minimum mutual distance totals, 
was to generate all of the Boolean functions of three and 
four variables. Ali of the Boolean functions of five 
variables were not generated because there are a3 Boolean 
functions of five variables; in are this method of 
generating all of the Boolean functions of n variables is 


practicaiMonly tor small*n. 


Winder (1965b) gives an algorithm to generate all 
2-monotonic, canonical, self-dual functions of n variables. 
This algorithm was modified to generate all of the l- 
monotonic Boolean functions of four and five variables. 

To generate all of the l-monotonic Boolean functions of 
n variables, an unspecified truth table, which is a vector 


n 


of 2 locations, is initiallyi required: Eachtiecation i, 


t 
ip Ped - 
’ 5) a by 
7 
: _ 
a ' 
_ > - 7 7 
Siaedgonom- € gon oss jud eidsrsqnos- lsue 
~ 
, ‘, - r Fi - ee ? 
2 (c,M)Q Iavod eorstet faodom mumixam oT 
“ ® ¢ a en of 
alumxot eg potiau bessiuo4! 
,a'tei = (fr Mi) 
on C\M 2 wv oy bor + 1 OD c 1 e oll ny > 1 
7 Be: ao \) ge SER ahi. Pe bh bh .d 
i 
. . jeeprel ek .M29a0 yfA=-M)A sonie 
: 
= (A=-M) Ons T= 
tl = (i-M) C=x% 1x0 
Vl aaw tadt eshorvem say 10 SMO 
; e fj <4 > 
) = ) ki Teesity L 7 LM 2S SLOPES i; Sesno Ww 4 
= 
) BAOLZO is2looHk eft to Js seezensp 
z ape pot x | LOO org da CLA apices irav x0 
oy i = . Pane 
ne p i ‘feneqa bets rap fon seiew esida 
. ¢€ 
dts jon? ii ,eeldsivay evuit ta a 
— 
> ¥ . 
Lc av a toltomut Apaloe it to fis patteau 
~ i : 
> — ' 
iV ° ta 
1 Lisma tot ylao Leok 
= ~ ’ 
; ; 45a 07T% >= —— 
louse oc maistaopls NB eoVLp tay tobaiw 
py 
| : ? A a ~~ “a 
° Lf rtsv f ZO 2fOoaave i* feub=-tise RO nosso ,ohacstettor * ; 
fe + » —_ ae " Ag 
“J ut Liz Th. SfePp Os Ok rbom e5w ants sso te & at 
, 7 sas —, 
,apideiasvy ovil bas twot to ecoitoaut pare: fee om 


20 enoisons> on 


malo 


pe 
Bae 


omoa-t ods te ie 53 sao OT 


e 


64 
1¢1¢2", of this truth table corresponds to an n-tuple or a 
vertex X = % 22° Xs which has a binary equivalent of (I-1); 
location I of the truth table has a value F(X). F(X) has 
a value 1 iff vertex X€F ; F(X) has a value 0 iff vertex 
X€ FF. PEP (XY iS unspecified, then vertex X has not, at 
this time, been assigned to either F or F. A standard 
lattice Ly defined on the unit n-cube is as follows: For 
any two vertices X = steer, and Y = NEN eae ee X€Y means 


that wherever x. 5 Ly yr lb also; .(See.Figure.2<for n=3. 


The arrows point in the direction of increase.) 


Ou TONAL 


000 100 


Figure 2. Standard lattice Ly on the 3-cube 


A set of vertices E, which is a subset of the vertices of a 
lattice, is called complete when a vertex X & E and vertex X 
eVertcx sy eilply tiat ¥ 6s. The algorithm, to generate 

all of the l-monotonic Boolean functions of n-variables, 


consists of seven steps: 


Step 1: Find the highest unspecified X (highest 


in the ordering of L,)- If there are none, 


ne : 
wr ae. 


; . : 
, - ‘ ie eye = 
t~n ma OF ebnéqesitteo aided figwzs eids io , caret 


| neat 
, . : Pa a 4 “ > 
) to jnelsvinpe yrsaid 6 San aoidw x: ;* * x xed1I9V 


i k 
is A 7. 

7 3a 7 
ae te iw \n 1 ap f ae wl ak ple 44: etl ' “4 oo v +4 ee 
tA) (M79 sulav 6s tan eldat tanks erit tO 2 Mors soot — 

F j 
t . 
a" , ; Koes | 
ae a ia ha at (ie « BY gee cor ; ; fo 
} if ‘ —~ : _ ees 1 \ x) 3 ry 53 a XS i x ay » oe ' a - SLBV 8 7 
' ae 
, _ * 4 ma rss 
a < ray ct 4 » toe i 7 7 at] ny t Fu (x yy tt q 
mr 4 eee mn 
e Jee had = ma * , bet ff fe ~ r<¢ aa fi 2 4 4 a 1 te 2 
as di ° < , “ i. * 4 
. Hro~-n tinwv sit nO beantieb .J soisges 


7 
vy = V¥ bre “Kor * * = KX apoltisvy owt YABB 
. 


‘(ae 
. es \ - . _ " 
= 202 $ sitn 9%) ,oale f= ,y ,£ = .x x9vet9edw sede 


x i 
ore an | 


‘ 
j 


<a 40 Dee neal 


ae : 7 
1 FHSBUA. £ 25 ADPLAW ya “BRI ae ay io see :% 
-_ J 2 eee 

PB Li v4 

pe <= } eS oo ‘5 ; a iet ag = he iy nirs *% : Pian 
itev Onét 2 4 KK xedasv 6 MSofim Ssistanoo Belisn we cee di ; 

, ra eO4h ae 


> 


etsisnep ot .mAasitopisa sat 8.4 ¥ Ja03 yigmi Y xedweye 
oT a bee ae 


,.e9idetixusv-o io enotaonut assfioog ataesonom=f_ CTs 


3 popata 4 neved Yo ad 2 Lennon 
a+ => - Laue | 7 


ad 
° 
4a 
a 
Bea 


ar i) ol 


65 
go to step 4. 
geep 2.) -otore: a copy "of the truth table in a 


pile with last-in-first-out store (for 


future assignment of this F(X) to l). 


Stepeo.  Assion F(Y)e= 0 or alley<sx according 
to the standard lattice L,- Go back 
to steps... 


Step 4: Determine the properties, the mutual 
distance total, and the number of 
vertices of the l-monotonic function 
which has been generated. Adjust, if 
necessary, the appropriate maximum and 


minimum mutual distance total arrays. 


Step 5: Recover a previous partially specified 
truth table from the pile. If there 
are none, stop (the enumeration is 


complete). 


Step 6: Find the highest unspecified X according 
to the standard lattice L,- 


Step 7: Assign F(X) = 1. Go back to step l. 


This algorithm, essentially, moves a "pointer" down 
the truth table; whenever an X is found for which F(X) is 
unspecified (Step 1), two possibilities must be explored: 
F(X) = 0 or 1. The first one considered is F(X) = 0 (Step 
3); the alternative is considered later (Steps 6 and 7). 


Whenever F(X) is assigned to 0, certain other values of F, 
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or the truth table, must also be specified to maintain the 


completeness condition (Step 3). 


Similarly, it is possible to modify the algorithm 
that is given by Winder (1965b) so as to develop an algorithm 
to generate all 2-monotonic, canonical Boolean functions of 
n variables. A new lattice L, must be defined on the n- 


cube. If Nee with components Xe i=l, ..., n, iS an n-tupe 


of integers defined by 


then, for the new lattice L,, vertex Xg vertex Y means that 


K Sex, i=l, eee n. 


Ol 100 


Figure 3. Lattice L fOran=s. 


The algorithm, to generate all 2-monotonic, canoni- 


cal Boolean functions of n variables, is: 


Step 1: Find the highest unspecified X (highest 
in the ordering of L,)- If there are 


none, go to step 4. 
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etep 2: Store’a’ copy of the truth table ina 
pile with last-in-first-out store (for 


future assignment of this F(X) to l). 


Step 3: Assign F(Y) = 0 for all Y ¢ X according 


to the lattice Lo. Go back to step l. 


Step 4: Determine the properties, the mutual 
distance total, and the number of ver- 
tices of the 2-monotonic canonical 
function which has been generated. 
Adjust, if necessary, the appropriate 
maximum and minimum mutual distance 


total arrays. 


Step 5: Recover a previously partially specified 
truth table from the pile. If there are 


none, stop (the enumeration is complete). 
Step 6: Find the highest unspecified X (according 
to the lattice Lo). 


Steps /s) Assign F(X) = 1.0. Go back to Step 1. 
4.3 Computational Results 


Computational results are shown in the following 
tables. A blank location on a table indicates that no 
Boolean function exists with the properties specified by 


corresponding column and row in the table. 


Table 2 indicates that A, (M,3) < minimum of 


(aj (M,3), a(M73)) for M=2, ...5,.6¢ hence, for any Bootean 


’ - 2 he! So | 
r 
> bi a : ra 
q re ie 4 
an . 
’ = 
: 7 ‘ : - [ s<) 


a a ©) oe ‘ ‘ a a * * “~« 
‘ b a it Soe 
’ f H =i * t ee ae heme | af . ©)3 
o. t 
a fad, in —_ ; .  & ~~ > 
qoig ent scimzeted & gssc 
> 7 : 
: . Pale , 
t= bas ,is2%o0o sooss3aLp rt 
eae | ~\ ee ~ 
iss com~& GHit to asbis 
yn {eo sd dornw aoidonys 
! \yisaasoen ti , sav TBA 
t gC inl — . 4 lau "| 
: 7 i TAMA AA? Dat A) on] Tim LXoS 
oe me pay ap 
ba ~ Oa 
@ . 
. a 
rie man a ras 
: * wa% = j be 2ORA °c Qe 
al 7 na 
ya —} toy 3 pel oF a gta 1S pe 53 
/ : Y) gote , 9fOn 
, ~ é. if 4 fc. ry “ a > 
ry 4 : ~Y S= i mf rem ae | .oO qete 
ae i 
ir £ ° : 
, a Bike Shy. O23 ‘ 
ad 
Jy : 
\ ; ’ . ae 
= : | = isjyd hele 2. Gaeta 
ee ey > Fie oF nh ee she - 
tiveel LIsnottstugned — 
a a co oa 
. 
eal ‘ : 
5 =+ a a 2 aL, om we 
j jt f.0) : Olle Dip riveot 1ofihe LSID Roo 
1 terk sorb eldst 6 aa neidspol anetld ay 
x ; ; f = 
a ar a 
*% , ry - it ~ — base a on a." 
41 Deiidooue adkoxreqouq sdad aviw eserxs noagomys 
: oe _ ‘ ‘ =] bot ae - 
: H ! os 7 


.sfded ody ai wou bas ‘amgioo patino 
: f ae 7 ' a i 


. o> it r 
atight ‘ 


; 


68 


TABLE 2 


MUTUAL DISTANCE TOTALS FOR BOOLEAN FUNCTIONS 
OF THREE VARIABLES 


Number of 


Veni eect q,(M,3) QO, (M,3) qa (M,3) Q3(M,3) q(M,3) Q(M,3) 


2 i i 2 2 5 3 
3 4 4 6 6 6 6 
4 8 9 2 Bz 10 12 
5 16 16 18 18 18 18 
6 25 De) 26 26 PI ai 
7 36 36 36 
8 48 48 48 


function F(X) 1Xo1X3), it is possible to determine whether 
or not F is threshold using the mutual distance total of F 
and M(F). If the mutual distance total Q of a Boolean 
function F(X) /X5/X3) 5 where M(F) 2 2, is greater than Q4 
(M,3), then F is not dual-comparable; if Q > Q. (Mi3).; 


then F is non-threshold. 


Table 3 indicates that there is no non-threshold 
l-monotonic Boolean function F(x), syeceks x4 ) where 6 2 M(F) 
2 10. It is possible to determine if a l-monotonic Boolean 


function F(x), Stetete x4 ) is threshold using M(F) and the 
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TABLE 3 


MUTUAL DISTANCE TOTALS FOR BOOLEAN FUNCTIONS OF 
FOUR VARIABLES 


Number of q, Q, qy Q, qa Qa g Q 
Vertices, M (M,4) (M,4) (M,4) (M,4) (M,4) (M,4) (M,4) (M,4) 


2 1 is Z 3 4 4 
3 4 4 6 8 8 8 
4 8 !, 10 16 eS 16 
S 16 16 18 24 20 24 
6 25 26 26 35 28 36 
d 36 38 40 40 40 48 40 48 
8 48 a2 54 54 56 64 a3 64 
9 68 70° a2 TZ ie 80 72 80 
10 89 90 90 Sh!) 92 100 
ibil ‘xl Wy ee 114 120 116 20 
Tz 136 csy 138 144 141 144 
1g) 164 164 166 168 168 168 
14 Loo ie 194 HS 196 196 
Lo 224 224 224 


16 256 256 256 


70 
mutual distance total of F. If a Boolean function F(x), 
era x) composed of M 2 2 vertices, has a mutual distance 
total Q > maximum of (Q, (M,4), Q,(M,4)), then F is not 
l-monotonic; if Q > Q. (M,4), then F is not threshold. In 
fact, it is possible to determine if a Boolean function 
F(x), ---, X4), Composed of m vertices (where M # 6 and 
M # 10), is threshold or not using only M and the mutual 


distance total of F. 
TABLE 4 
MUTUAL DISTANCE TOTALS FOR BOOLEAN FUNCTIONS 


OF FIVE VARIABLES 


Mererces MM (M75) -(M75) (Myo) (M75) (MP5) (MPs) (M75) 


2 Ms 1 5 
3 & a 10 
& 8 9 20 
5 16 16 30 
6 25 26 45 
fl 36 38 40 40 60 
8 48 53 54 ats. 80 
9 68 70 Ti? 74 100 
10 89 Dib 93 sys) 23 
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TABLE 4, continued 


ReaD e Tate Rees Seas Si ee eee LO 
Vertices,M (M,5) (M,5) (M,5) (M,5) (M,5) (M,5) (M,5) 
rie) Lae ICES We ey IS Pe 
13 NGS GEO P  ES AGE Pe 
14 OG. te TO SOR err any ers 
15 SN LEE 238 244 280 
16 256m 1276 ly “GPR AEE 
17 304 318 Sn sey ea 
18 Be soo mensG 40 G6540 364 = 6369. 9405 
19 ACA EAL GIMENA 12 AAP @E 4148 4165 9450 
20 AE GHA GAG OI EE4GSH 4466 a) dog © 500 
21 5P2= 514 516 520 520 520 550 
22 aan Goll Si Cae 605 
7 G2 BG S0MEEGG2) = 634 660 
24 are Ge Gael GG 720 
25 me TER 96 Fe 780 
26 825. B26 845 
27 896 896 910 
28 968 969 980 
29 1,044 1,044 1,050 
30 aoe apa Os 
31 1,200 1,200 1,200 
32 1 Oe 10 oXcle 1,280 


‘ ms x t) Bs . E 
0 oe tee ae ee * rae 
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Table 4 indicates that there is no non-threshold, 
dual-comparable, 1l-monotonic Boolean function F(x), aia 
x.) where M(F) = 15, 16, or 17; hence, a self-dual, 
1l-monotonic Boolean function F(x), Carer x.) is necessarily 
threshold. If a Boolean function F(x), eekeey X.) composed 
of M2 2 vertices, has a mutual distance total Q > A, (M,5), 
then F is not threshold. If Q > maximum of (Q, (M,5), 
Q5,(M,5)), then F is not l-monotonic and dual-comparable; if 
Q > maximum of (Q, (M,5), Qa1 (M5) Q) (M5) )*). then F is not 
l-monotonic. For any l-monotonic Boolean function F(x, Seeley 
Xe) composed of Mvertices (15>M>17), it is possible to 
determine if F is threshold or not using the mutual distance 
total of F and M. For any dual-comparable, l-monotonic 
Boolean function F(X) ,-++/%)) 5 it is possible to determine 
whether F is threshold or not using the mutual distance total 


of F and M(F). 
TABLE 5 


MUTUAL DISTANCE TOTALS FOR BOOLEAN FUNCTIONS 
OF SIX VARIABLES 


Number of qe Q, qo Q, Q 

Vertices ,M (M,6) (M,6) (M,6) (M,6) (M,6) 
2 si 1 6 
3 4 4 Le 
4 8 9 24 
5 2D 26 36 
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TABLE 5, continued 


Number of qy Q. q5 Q., Q 
Vertices ,M (M,6) (M,6) (M,6) (M,6) (M,6) 

6 36 38 54 
Ti 36 38 hz 
8 48 53 96 
9 68 70 120 
10 89 91 150 
Li 112 114 180 
1? 136 141 210 
i 164 170 Zoe 
14 198 203 294 
15 224 20 B56 
16 256 278 384 
17 304 320 432 
18 353 366 486 
19 404 414 540 
20 456 467 600 
Paik 5a 522 660 
22 569 582 726 
poe 628 644 von 
24 688 711 864 
20 756 780 936 
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TABLE 5, continued 
Number of qy Q, q> Q. Q 
Vertices ,M (M,6) (M,6) (M,6) (M,6) (M,6) 
26 825 854 T,OL4 
PAM | 896 930 932 932 SIAR OE Np 
28 968 L,O0L0 i OLs 1 OLS Biel AAG 
29 1,044 1,094 1,096 7096 1,260 
30 IPS IAS Bad (8) Nepal le pes L183 alge sy 8 
ou8 i, 200 7210 i, 200 eis 1,440 
7 ee ou yy, oo4 1749 17066 P7536 
a3 eS oe iA6 2 i452 1,464 iO Se 
34 DOS 0 4 Teo e Li 6i7, ig A Ws if 
35 17, 020 L,o70 Owe Ow 2 1, O36 
36 136 Pi O AN coy ie al Lye OF: 1,944 
oe) 1, ooo 1,890 189.2 Lipo w2 Zee 
38 Lott 2,006 27 Loo 
39 Pe Ax OND) Pa WON: 2,280 
40 Diy 224 Pape | 2,400 
41 27300 PM iP, PAS PAL 
42 2,489 Papaya 2,640 
43 2,624 2,634 CAP i Pes 
44 27700 Pag of fo $e 2,904 
45 2,900 2,920 3,036 


TABLE 5, continued 
Number of qy Q. Q>5 Q, Q 
Vertices ,M (M,6) (M,6) (M,6) (M,6) (M,6) 
46 3,041 3,054 3,174 
47 3,184 35.200 Bye 
48 2,328 SiO 37250 
49 3,488 302 3,600 
50 B71G49 377059 3,750 
ow 3812 Sole 3,900 
52 5 eae 29 OL 4,056 
oie 4,144 4,146 Apeliz 
54 AGS 13 4,315 4773/4 
55 4,484 4,486 4,536 
56 4,456 4,461 4,704 
5. 4,436 4,438 Aro 2 
58 By Ore, 5,018 5,046 
a) 37200 52 00 57220 
60 5,384 575 OD 5,400 
61 De Sew 7 Sy suelo) 
62 SLO 57 On 5 LO 
63 Se Sip Clay Soe 
64 6,144 6,144 6,144 
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Table 5 indicates that there is no non-threshold, 
2-monotonic Boolean function F(x, ---, Xe) where 26 2 
M(F) 2 38. If a Boolean function F(x), et Xe) s composed 
of M2 2 vertices, has a mutual distance total Q > maximum of 
Q,(M,6), Q.(M,6))), then F is not 2-monotonic; if Q > Q.(M,6), 
then F is not threshold. For any 2-monotonic Boolean func- 
tion F(X) ,-++X¢), composed of M vertices (292>M>35), it is 
possible to determine if F is threshold or not using the 
mutual distance total of F and M. 


TABLE 6 


MUTUAL DISTANCE TOTALS FOR BOOLEAN FUNCTIONS 
OF SEVEN VARIABLES 


Number of qy Q, qa Qa2 5 Q, Q 
Vertices ,M (Maz) (M,7) (M,7) (M,7): (M,7) (M,7)° (M,7) 


2 1 a 7 
| 4 4 14 
& 8 ©) 28 
5 16 16 42 
6 25 26 63 
qi 36 38 84 
8 48 53 Ti 
9 68 70 140 
10 89 on tio 
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TABLE 6, continued 


Number of ay Q. CED, Qa2 5 Q, Q 
Vertices ,M (My) (M7) tM) (a) «6f77) {047) 1M, 7) 


12 136 141 252 
13 164 170 294 
14 193 203 343 
15 224 238 392 
16 256 278 448 
Bi 304 320 504 
18 358 366 567 
9 404 414 630 
20 456 467 700 
PAE 51874 ae 770 
22 569 582 847 
a3 628 644 924 
24 688 HEL 1,008 
25 756 780 1,028.2 
26 825 854 Ly, 283i 
27 896 9730 932 932 i 274 
28 Ses ORS 1,000 15,053 14, ah 
29 1,044 1,094 1,096 1,098 1,470 
30 pa 1, eesy 19, is (1a, Bee 14, S75 
oat LS200 8,274 W260) 14,278 1,680 
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TABLE 6, continued 


Number of dy Q Qa? Qa q>5 Q. Q 
Vertices ,M (M,7) (M,7) (M,7) (M,7) (M,7) (M,7) (M,7) 


Be P/392 1,470 1,452 1,474 1,904 
34 1,505 ep ay en eo 2,023 
Sie 1,620 I,680° Ty666 17,686 2,142 
36 Pf r3e eiteow lpr il) Lil oo 2,268 
Sy) 1,856 Pro0e 4 lpeo2 1,914 Pale ks 
38 Sige ile ZfU2a 2,01 2,090 Php eee | 
ao 2,100 2/146 2,/'Fst 2,158 2,660 
40 2,224 Php Pal hea Php PA ee Page CAS is 2,800 
41 Pag EVO Ae Zee 82,590 | 2,410 2,940 
42 2,489 pooO tie p20) 2,044 3,087 
43 2,624 27074) 2,662, (25.082 3,234 
44 2,760 Bpovome ls ; GUle 2,024 3/386 
45 2,900 oO ae SAG el Si 2e IO ee 2p IOe Boy se 
46 3,041 ee Coe COTO Le oS et US 
47 3,184 SeOCmES ie OU es eo feh et 52) 0,2) Ue fOOS 
48 Sys S748) 3,424 37369 3,434 3,427 3,429 4,032 
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50 3,649 Se allo OPT OU Sf) Si lO ge aa LO 
Sf Cadel 4 Spee ps fOCU 37932) 97010 eo, 2Unee sO 
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TABLE 6, 
qe Q, 
(M,7) (M,7) 
B,lAG ABTA 
4,313 4,456 
4,484 4,642 
4,656 4,832 
4,836 5,026 
Babe  §5),203 
5,200 5,424 
5,384 5,630 
5,572 5,840 
5,761... 61,053 
5,952 6,270 
6,144 6,492 
400) 62,7118 
6,657 6,949 
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7,440 7,664 
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Tg2 a2 
(M7) (M7) 
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Vertices ,M 
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TABLE 6, continued 
Sree en Tt S Waa 2g 20) 25 Q 
Vertices,M (M,7) (M,7) (M,7)  (M,7)  (M,7)  (M,7)  (M,7) 
O68 | Ihelo? Aavem 14,658 14,680 15,134 
94 14,945 15,014 14,997 15,019 15.463 
55 I52e0) 25,858 15,340 15,362 15,792 
96 15,616 15,707 15,685 15,710 LG-Al28 
97 15,984 16,058 16,044 16,062 Ne ey 
ao a konasa? 16,405 16,405 16,419 16,807 
Go. venee Mio ta 16,776 165778 17,150 
Pocwe) moo 457/713917,139 17,141 17,500 
PO | biead7oe S506 17,508 17,508 17,850 
102 17,849 17,878 18,207 
0S  De,goe Afs.fa5e2 18,564 
he4. “heeeoe® esi650 18,928 
05 We ,996 15.012 19,292 
06 8 «£9385! 19,,39'8 1.7668 
Moy 60s dt 6? Tot 786 20,034 
LOB 20-16 8:2 2Oy179 20,412 
109 20,564 20,574 20,790 
110 20,961 20,974 Pal luis 
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TABLE 6, continued 
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225 2 iyes2e 27 332 27 342 
126 PND be LRM eae At fap Ts OU 2,103 
PZ] 28,224 28,224 28,224 
128 2185 67 Qin Sr Ga 2 Baybee, 


Table 6 indicates that there is no non-threshold, 
dual-comparable, 2-monotonic Boolean function F(x), A x5) 
where M(F) = 63, 64 or 65; hence, a self-dual, 2-monotonic 
Boolean function F(X) +++ 1Xq) is necessarily threshold. If 
a Boolean function F(Xje++, Xo), composed of M22 vertices, 


has a mutual distance total Q> A,(M,7), then F is non- 
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If Q > maximum of Q,(M,7), Qa5 (M7), then F is 


not 2-monotonic and dual-comparable; if Q > maximum of 


(Q,(M,7), Qa5(M,7), Q,(M,7), then F is not 2-monotonic. 


4.4 Final Remarks and Suggestions for Further Research 


In this thesis, Hamming distance has been used to 


define several distance parameters for a Boolean function 


F(X) ,-++/X)) in a Boolean n-space; the distance parameters 


dena ane D and Q can help to make the task of determining 


the properties of F much easier. 


In addition to these results, several other in- 


teresting facts were found. 


(1) 


(2) 


It is known that all of the Boolean functions 
F(X) ,-++,/X)) within a symmetric class share the 
same Boolean properties and are labelled by their 
Chow parameters. It has been shown that all 
Boolean functions within a symmetric class share 
the same distance vector. However, it is possible 
for two Boolean functions F(X) 7-+++/X,) and G(X ,--6, 
Xs where F is threshold and G is not threshold, 


to have the same distance vector. E.g., consider, 
F(X) 726+ /Xq) = X)X> + x X3X)y + xX X 4X 


and G(x 1X) = x.x, + xX 


IES 
Hence, a distance vector, unlike a canonical form 
of the Chow parameters, cannot be used to label 


threshold functions. 


An unsuccessful attempt was made to derive a 


relatively fast method to calculate Q, (m,n) and 
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q(m,n); however, this method did provide a good 
approximation of Q, (m,n) and q(m,n). For example, 
to find the Boolean function from which Q, (m,n) 
could be calculated, a vertex was added to any 
Boolean function F(X) ,+-++,/X)) from which Q, (m-l, 
n) could be calculated; the selection of this 
vertex involved testing the (2"-m+1) vertices in 
F. Hence, the order of calculation would be, 
EFOMEeELTIEFSt toilast; Q.(2,n), OS hu) pe. ,ORL22)n) - 
Similarly, an approximation of q(m,n) can be cal- 


culated. 


(3) It took a computer program, written in FORTRAN II 
and run on a PDP-9 computer, approximately eight 
hours to generate all of the 1l-monotonic Boolean 
functions of five variables; also, it took another 
computer program, written in FORTRAN II and run on 
a PDP-9 computer, approximately twelve hours to 
generate all of the canonoical 2-monotonic func- 
tions of seven variables. The execution time 
for these programs increases exponentially as the 


number of variables increases. 


The results of this investigation suggest several 
areas for future research. Some suggestions for future re- 
search include: 


(1) The development of the theory and the algorithms 
necessary to provide a more efficient calculation 
of the distance parameters, so that these para- 
meters can be calculated for Boolean functions with 


a larger number of variables. 


(2) The development of further parameters which would 
be used with the distance parameters to give a more 
comprehensive description of the properties of any 


Boolean function F(X,,-++/X,)- 
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